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Abstract

Since their characterization as one-way membranes in 1958 [1], the ostensibly time-asymmetric prop-
erties of black holes has been characteristic of all conceptual issues that arise in their study. The initial
contention by Wheeler was that entropy simply vanished in a black hole [2], which motivated the es-
tablishment of black hole thermodynamics [3, 4] and eventually lead to the discovery that black holes
radiate with a certain temperature [5] and have entropy proportional to their surface area. The exact
thermal evaporation of a black hole, however, violates the unitarity of quantum mechanics, prohibiting
retrodiction [6]. This is known as the information loss paradox. In this paper we explore the devel-
opment of time-asymmetric properties of black holes in various stages of the development of black
hole mechanics, and explore some current literature in the debate — namely proposed resolutions to the
information paradox, the issues surrounding them, and the corrections they require for the Bekenstein-
Hawking entropy. Wald’s formulation of black hole entropy as a Nother charge of black hole spacetimes

[7] is used to explore how corrections may be computed.
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1 | Introduction

Black holes are intriguing and unusual objects, commonly regarded as one of the most surprising con-
sequences of Einstein’s theory of general relativity. All black holes are characterised by a surrounding
surface known as the event horizon [3, 9, 10, 11], sometimes called a ‘one-way membrane’ [1, 12] to stress
the idea that, once a particle passes the horizon, it is impossible for the particle to come back out. This
property is what leads black holes to be thought of as regions of space from which “nothing, not even

light, can escape” [10].

The ‘no-escape’ description misses some intricacies of modern black hole physics. Rotating (Kerr and
Kerr—-Newman) black holes are surrounded by an additional region, outside the event horizon, known
as the ergosphere, in which no object can be seen as stationary by distant observers, an effect known
as frame-dragging. As Roger Penrose pointed out [8], this effect can be used to extract rotational energy
from the black hole, up to the point that the black hole degenerates to a static (Schwarzschild) solution
with irreducible mass m;,. [12], so called because it cannot decrease under any physical process. As

Zel’dovich [13] points out, this process also allows classical rotating black holes to radiate.

The surface area A of the event horizon is proportional to m;,, and the consequent rule dA > 0 is rem-
iniscent of the second law of thermodynamics. Indeed it is possible to construct four laws governing
the behaviour of black holes which exactly resemble the laws of thermodynamics, such as Bekenstein’s

thermodynamic equation
x dA

with the quantity
A
S — 7 (1.2)
occupying the position of entropy, and the quantity
K
T=_— 1.
o (1.3)

(where « is the surface gravity) occupying that of temperature [2, 3, 4]. The other quantities are energy



terms coming from angular momentum and electric charge.

Historically it has been considered absurd for a black hole to have any temperature other than zero,
as that would require the black hole to equilibrate with its surroundings by radiating [4], although
some authors differ [14]. But a semiclassical calculation by Stephen Hawking showed that the nonzero
vacuum expectation value at the event horizon means that, on average, energy is slowly sapped away
from a black hole in a process called Hawking radiation [5], with a temperature equal to (1.3). Hawking

radiation leads to the eventual evaporation of the black hole.

At the start of evaporation, the state just outside the black hole is described by a superposition of
ingoing and outgoing modes. After evaporation, it is described only by the outgoing modes. This
violates the unitarity principle of quantum mechanics (that if the state at t( is known, it can be known
in principle at ty £ At), because there appears to be more information about the state of the object
which collapses to form the black hole than about the state of the system after evaporation [15]. The
breakdown of this principle is known as the ‘black hole information loss paradox’, and is one of the key

questions that a full theory of quantum gravity is expected to be able to answer [6, 16].

It is generally considered that the resolution to the paradox is that information is not lost, but is some-
how encoded in Hawking radiation [16, 17]. String-theoretic results provide a statistical-mechanical
account of black hole entropy in terms of microstates. From this, one can reproduce the Bekenstein-
Hawking entropy at leading order with corrections. Higher-order gravity theories [18] (i.e., theories
which generalise the Einstein-Hilbert action to include higher-order derivatives of the metric tensor)
also reproduce these results as they may be considered more accurate effective field theories for an
underlying quantum gravity. Wald [7] provides a toolkit for computing black hole entropy in general

gravity theories by formulating the entropy as a Nother charge in the classical case.

In this project, a review of black-hole thermodynamics will be given, and the laws including (1.1) re-
derived and explained. The semi-classical treatment of black holes, especially quantum events at the
event horizon in curved spacetime, will be discussed, with attention given to Hawking radiation and
its derivation. The implications for unitary black hole time evolution is discussed, following [19] by
modelling the black hole as a scattering operator. Wald’s formulation of black hole entropy as a Nother
charge will be examined [7] as a toolkit for finding corrections to (1.2), with an envoi to how this con-

tends with statistical-mechanical or effective-QFT results.



2 | Classical Black Holes

2.1 The Schwarzschild Metric

In 1915, Albert Einstein completed the monumental task [20], started by him in 1911 [? ], of uniting the
special theory of relativity with Newtonian gravitation by introducing his general theory of relativity.
In particular, the theory relates the curvature of spacetime to the distribution of mass—energy within it,

given by the Einstein field equations [21],

1
Ry = 5Rgu = 87Ty, 2.1)

where Ry, is the Riemannian curvature of spacetime, R = R", is the Ricci (or scalar) curvature, g,y
is the metric of spacetime, and T}, is the stress—energy—momentum tensor. Without a mass—energy

distribution (T, = 0), this reduces to the vacuum field equations,

1
Ryy — 5 Rgyw = 0. 2.2)

One useful aspect of the vacuum Einstein equations of motion is found by taking the trace, in which

case we obtain

R—=-Rx4=0
= R—-2R=0

— R=0, (2.3)

i.e., the Ricci scalar vanishes in vacuum.

The first spherically symmetrical solution to (2.2) was found by Karl Schwarzschild in the same year,



given by the Schwarzschild metric [22],
-1
ds? = (1 — 21”) dr? — (1 — 21\4) dr? — r2dO2. (2.4)

Here, d(Q is the spherical volume element, dQ? = d6? + sin? §d¢?. The metric approximates the grav-
itational field around a spherically symmetrical celestial object such as the Sun, and in this case M is
the mass of the object at the origin. It turns out, due to Birkhoff’s theorem, that it is the only spherically

symmetric solution of the Einstein field equations.

When one considers this as such an approximation, it is normally supposed that the radius of the
spherical object described is larger than its Schwarzschild radius s = 2M, and thus that no test mass
placed in the system would approach the region r < rs. However, objects whose radius are or approach
the Schwarzschild radius are in fact physically reasonable, as shown theoretically by Oppenheimer,
Tolman, et. al. [23, 24], and eventually observed by astronomers in 1971 [25]. Such an object is known

as a black hole.

The Schwarzschild black hole has unusual properties. The hypersurface * = 2M is a singularity in the
standard spherical coordinates given in (2.4), but by switching to a different coordinate system, it can
be considered a one-way system: anything which passes the event horizon of the black hole, up to and

including photons, are drawn inexorably toward r = 0.

In particular, one can switch to Kruskal-Szekeres coordinates, given by

U = —4Mexp (—ﬁ); V = 4Mexp (ﬁ) 2.5)

where we can identify 4M as the inverse of the surface gravity x, and the u and v are the Eddington-

Finkelstein coordinates,

1 1
u=t—riandv=t+r, <= tzi(eru)andr*:E(v—u). (2.6)

The “tortoise coordinate’ r, above is
r
ry =r+2MIn (m—1), 2.7)

which approaches —co as r approaches the Schwarzschild radius 2M. To an observer in this system,
nothing ever reaches r = 2M, and the black hole is always just about to form. This is the frame of a stat

static observer far from the black hole.



We can rewrite the Schwarzschild metric with the tortoise coordinate by considering its derivative

dr, 1
:17

P —

1
:>dr*:<1+, )dr
w1

= dr = (1—21\/1) dr.

Then the Schwarzschild metric reduces to
ds? = (1 - 21”) (dtz - dri) — 2402

To put this in terms of the Eddington-Finkelstein coordinates, then, we note that
dt =

(dv + du) and dr, = = (dv — du),

NI~
NI~

and thus
ds? = (1 - erw) (dudo) — r2dO2.

Then we can also obtain the metric in Kruskal-Szekeres coorinates by noting

u %
u = —4Mlog <_4M) ; v=4MIlog (4M) ,
and thus
du = —%du; dv = %dV.
Inserting these into (2.10) we find
ds? = 1v_u (1 — 2M> dudv —r*d0?
exp (1) r
— —Ix M 2302
= exp 2M> <1 . )dUdV r<dQ)

= exp (2]\2 —log (ﬁ - 1)) (1 - 2]:4) dudv — 2d0?

o r -1 —r 2M 2 2
= (m 1) exp <2M) (1 r) dudv — r-dQ2

- M e (—557) dudv —r2do?.

The space- and time-like coordinates for Kruskal-Szekeres spacetime are

1 1
TZE(V‘FU), XZE(V—U)/

(2.8)

(2.9)

(2.10)

2.11)

2.12)

(2.13)



so the metric is then

ds? = ¥ exp (—ﬁ) (—dT2 + dX2> — 12402 (2.14)

Notice that Kruskal-Szekeres coordinates are similiar to Rindler coordinates in special relativity, in the

sense that an observer in Kruskal coordinates is in freefall towards the black hole.

Having the metric in the form (2.14) now allows us to define a final useful set of coordinates: conformal

coordinates T and X. A conformal mapping is a transformation
Suv > ((x)) g, (2.15)

such that c(x) is a smooth function of the coordinates. Under a conformal transformation, the space-

/time-/light-like property of a given interval remains invariant. The conformal coordinates are implic-

itly defined by
U=tanl; V =tanV, (2.16)
such that
cos? U cos? V
and
1 2M —r
2 2 12
= — — O~. 2.1
ds o2l o2V 7 exp <2M> dudv —r<d (2.18)

Then we set ¢(U, V) = cos U cos V in (2.15) to obtain a spacetime which is causally equivalent to the

Schwarzschild one but contained in a finite box
ae[-Z7], vel[-Z7], 2.19)

as portrayed in Fig. 5.2.

This kind of representation of spacetime is called a Penrose diagram, and the timelike and spacelike
coordinates for such a diagram are given by
T =

(V+0), X=-(Vv-1U) (2.20)

NI~
N —

which are also regular at the Schwarzschild radius.



2.2 The Kerr Metric

The Kerr solution is a non-spherically symmetrical solution to (2.2) describing a rotating black hole. It

is given by

L2 2
ds? = — <1 _ 22\;“) a2 — wdtdqj 1P g2
4 P A
L2
sin“

. 2.21)
e {(72 + az) — Aa? sin? 9] d¢? + p>de?,

+

where A = r2 — 2Mr + a? and p? = r? + a2 cos? §. The parameter a can be shown to correspond to the

angular momentum per unit mass, thatis, 2 = %

2.3 The Reissner-Nordstrom Metric

When electromagnetic interactions are relevant, one instead looks at the Einstein-Maxwell equation,
where the energy—-momentum distribution is given by the electromagnetic field due to the point charge,

described by

1 1
Ry — ERgW =81 (F{,’va -1 gyVFP‘TFpa> , (2.22)
where Fup = 0 A p— BﬁAa is the Faraday tensor.

The analog of the Schwarzschild metric for the Einstein-Maxwell equation is the Reissner-Nordstrom

metric, given by
2M | QP 2M Q3
ds? = (1 -+ 2) dr? — (1 -—+ 2) dr* — r*dQ)?, (2.23)
r r r r

where Q is the charge of the black hole.

24 The Kerr—Newman Metric

The metric for a black hole that is both charged and rotating is given by generalizing (2.24) to include

charge, given by

— 02 in2 2
ds? = — (1 — ZMVZQ) d? — Mdtd‘l’ 1+ P gn
p p A

[pz (r2 + a2> — (2Mr — Q*)a?sin” 0| d¢? + p*de?,

2.24
sin? 6 ( )
02

where we have set the discriminant to A +— A = r2 — 2Mr + a® + Q2.



The roots of the discriminant are given by A = (r —r4.) (r — r—), where

re =M/ M2—-a2-Q2, (2.25)

which are as singularities in the coordinates used in (2.24), and are event horizons analogous to 7; in

the Schwarzschild case.

The Kerr-Newman metric is the most general black hole metric we have discussed. While Birkhoff’s
theorem states that the Schwarzschild metric is the unique spherically symmetric solution to the vac-
uum field equations, there is a similar conjecture for the Einstein-Maxwell equations: the so-called ‘no-
hair’ conjecture states that classical black holes have only three degrees of freedom: mass M, angular

momentum |, and charge Q [26, 27].

A star has many more degrees of freedom that this, which are apparently lost when the star collapses
into a black hole: this means the initial state of a collapsing system cannot be retrodicted from the
final state. This already represents a classical toy model of the information loss paradox, which will be

explored later.



3 | Black Holes as Thermodynamical

Objects

3.1 Killing Vectors and Conserved Quantities

To properly make sense of quantities like energy, and to look at the properties of a surface like an
event horizon, in a Schwarzschild spacetime, it is useful to examine the spacetime’s Killing vectors
and Killing horizons. A vector ¢y, is a Killing vector if the Lie derivative of the metric with respect to ¢,
vanishes, i.e.

where the Lie derivative along a vector field ¢ acts on a tensor 7 of rank (k, ) as
Loyt (p) = d—(F Jitrde (32)
Mgy \P) = | gA A Ao )

Here, F) is a one-parameter family of diffeomorphisms generated by ¢. The Lie derivative is thus a
generalization of the directional derivative, in the sense that it measures the rate of change of a tensor 7
along the flow of a vector field ¢. The equation (3.1) implies F, is an isometry of the spacetime defined
by the metric g. Then the Killing vectors correspond to symmetries of the spacetime: we can thus
construct quantities

Q =¢,pt (3.3)
such that Q is conserved along geodesics, where p# is the four-momentum.

The quantities Q are those found by varying the action functional of a free particle along a geodesic,
given by

dx# dxv
8eOT\H] — _ - =
S8 [x] m/ 8y (3.4)

where A is an affine parameter. Notably, these are not the conserved quantities associated with the



Einstein-Hilbert action (see 6.1), but it will be shown later that there are conserved quantities associated

with (6.1) which relate to the Killing vectors in a special way.

A Killing horizon is a hypersurface X to which a Killing vector ¢ is normal at the surface. Then on an
event horizon we have

¢V, =xg’, (3.5)

where « is the surface gravity, which is the acceleration needed for a observer to stay at the horizon as

measured by an observer at infinity.

In particular, (3.1) implies

V}l(:v + vv(fy =0, (3.6)

which is called the Killing equation.

We can compute the surface gravity using the above two equations by computing the derivative of the

magnitude squared of the Killing vector ¥ as

Vp(*(fygy) = *ZCHVpgy
= Zéyvyép (by (3.6))

= 2KGp. (3.7)
The Kerr(-Newman) and metric has in particular a timelike killing vector
¢t = (9" = (1,0,0,0), (3.8)

and rotational Killing vector
&h = (3y)" = (0,0,0,1). (3.9)
At the event horizon, the timelike Killing vector is null. Its magnitude-squared is thus

(at)y(at)y = g;w(at)ﬂ(at)v

= gn((a)")?
= — <1_2]1\/I) x1x1
_ (1_211\4).

Then the surface gravity is obtained by first switching to Eddington-Finkelstein coordinates, where it

10



is well-defined at infinity, in which case we have

3 9
7o, + 2%, = a,, (3.10)

o =3 ot

and
gr = gryérv = 1, (3.11)

and thus, using (3.7), we have

26(31)y = V, (1 - ZM)

7

s gy = M
r=2M — (ZM)Z
— k=
- 2M°
In ST units,
2GM
=g (3.12)
and thus the surface gravity in Schwarzschild spacetime is
e o (3.13)
- 4GMT '

3.2 The Penrose Process

While black holes are commonly thought of as regions where “nothing, not even light, can escape”
[10], this is strictly meant to illustrate the key point that, past the event horizon at r = 2M, spacelike
geodesics become timelike, and all bodies are compelled toward the centre of the black hole: energy
is not precluded from extraction. In particular, Penrose [8, 28] describes a mechanism for extracting
rotational energy from a rotating black hole by taking advantage of the fact that objects in a certain

region outside the event horizon — called the ergosphere — can be given negative energy [2].

The ergosphere is a region in Kerr(-Newman) spacetime in which the magnitude-squared of the (asymp-

totically) timelike Killing vector 02 = —gy; is negative, i.e.
2
gtt__(l—zﬁr> >0 < p>—2Mr <0, (3.14)

which defines the region M + VM? — a?> < r <= M+ v M? — a? cos? 6.

11



In this region the magnitude-squared of the tangent vector u* to a curve x* given by
u? = guvfu’, (3.15)

which is negative (thus timelike) only for u # 0. Thus the ergosphere defines a region in which it is
impossible to remain stationary to observers at infinity. This effect is known as frame-dragging. Note
from the section on Killing vectors that the conserved quantity associated with the timelike Killing
vector is the asymptotic energy E — to identify it as such, notice that at the Minowski limit ¥ — oo, we
should have E = pO and gy = —1, g = 0, which implies

lim E = p° (3.16)

r—00

where p# is the four-momentum.

The Penrose process is then rather simple: outside a black hole we may throw a particle of energy E
in such a way that it decays into two smaller particles of energies E and E_ during its time in the
ergosphere. By (3.16) it is possible for E_ to be negative, and thus, by conservation of four-momentum,
we can have E > E, i.e. we have extracted some energy from the black hole by first sending a smaller

amount in.

Ergosphere

20 By

Figure 3.1: The Penrose process. A particle of energy Ej enters the ergosphere and decays into particles
of energy E; and E_. The latter particle has negative energy in the ergosphere, so by conservation of
energy, the former particle leaves with more energy than the initial Ey. Partially adapted from [8]

12



3.3 The Area Theorem and Irreversible Processes for Classical Black

Holes

In this example, however, rotational energy extraction can be performed only up to a certain point, at
which the Kerr(-Newman) black hole ceases to rotate and degenerates to a Schwarzschild black hole
with mass m;;, a quantity known as the irreducible mass of the original black hole. The irreducible mass
mj; is defined in relation to the surface area A of the hole’s event horizon by

A = 167tm?

i/

(3.17)

since we can then show that A (and thus m;;) cannot be reduced in any process, and stays the same only
for a select set of processes called reversible processes [12]. This is known as the area theorem. It is easy
to see that m;; is a mass quantity corresponding to that of a Schwarzschild black hole by recognising

that, for a Schwarzschild black hole,

As = 47r?
= 47 (2M)?

= 16t M2,

This quantity m;, and the notion of reversible and irreversible processes in the context of black hole
mechanics was first introduced by Christodoulou [12]. First note that a Killing horizon is a surface on
which a Killing vector is normal to it. A Kerr(-Newman) has timelike killing vector d; and azimuthal

Killing vector dp, and the Killing horizon x* can then easily be given by the surface
X' = (90" +Q(9y)", (3.18)

where () = d¢/dt|,, is the angular velocity of the event horizon. Properly, we say that (3.18) generates

the event horizon, by which we mean it is null at the event horizon.

To define () properly we recall the notion of frame-dragging defined above and consider a particle
following along the curve § = 0 on the event horizon. The velocity four-vector is then zero in the  and
6 components and thus

u? = guufu” =0 (3.19)

is satisfied when

gudt? +2g1p (dtde) + gppdd? = 0, (3.20)

13



which for the general Kerr-Newman case is given by

)
4 — — (1 B 2Mr> 42— 2Mar;,1n gdtdcp
o

02
. 26 2
+ 5122 [(rz + a2> — Aa? sin? 6} d¢?
_ g2 gin2 2
__ (A a251n 0 dt2_2a51;1 9(r2+a2—A)dtd4>
P P
sin? 6

+

—

2
2 (r2 + a2> — Aa? sin? 6} d¢? = 0.

Substituting this into 3.20, rearranging, and evaluating at ;. we have (remembering that r. is a root of

the discriminant A)

d
Q = E’T‘:}Ur
__ 38 + (gt‘/’)z _ 8t
8¢ 8¢ 8¢
a2 ) | (1034 2R +e)
(13 +a2)? (2 +a)’ (12 +a?)*
o a
3 +a?

We can use this to examine how the negative-energy (E_) particle 2 ‘takes” energy from the black hole
and ‘gives’ it to the positive-energy (Ey) particle 1. When particle 2 passes the event horizon, the

particle’s direction with respect to the Killing horizon is timelike, that is
Ps (1), +Qpj (3g), > 0. (3.21)

But (at)y p" and (84))# p! are just the conserved quantities associated with their respective Killing vec-
tors, and can be straightforwardly identified with the classical analogues of energy E and angular mo-
menum J, so we effectively have

—E_+QJ_ >0, (3.22)

where J_ is the angular momentum of the particle. This is intuitive: the particle robs the black hole of

a certain amount of angular momentum, proportional to the event horizon’s angular velocity.

This is the first hint that black holes can radiate. In fact, [13] considers the scattering of cylindrical
electromagnetic waves of sufficiently low energy E = w and angular momentum ] by a rotating black
hole within the ergosphere. The waves are redshifted by an added frequency /(). To conserve the to-
tal energy flux, the waves are thus amplified. A small electromagnetic perturbation in the ergosphere

should then amplify into electromagnetic radiation which carries away the black hole’s angular mo-
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mentum.

Then (at least classically) energy cannot then be robbed from a nonrotating black hole. We can also
show that, correspondingly, no amount of energy loss will decrease the area of any black hole. To see
this, we first explicitly compute the area of the outer horizon r. The induced metric on the horizon
is (2.24) evaluated at the hypersurface X defined by r = r,, dt = dr = 0, whose only two nonzero

elements are

)

sin” 0 2

800 =%l Spo =g (B +a2) (3.23)
0% |rs

The volume element of an arbitrary n-dimensional space is \/gdx; A ... Adx,. On X this is just

/8068¢p9pd0de, so the area is just
A= / sin?0 (12 +a?) dodp = 4 (12 +42). (3.24)

We rewrite the reduced mass in terms of 74 and a as

m = &
it 16
Lo 2\ /2
- mirzi(q—i-a)

_Ll s

)

where
a=A/4r =1 +a? (3.25)

is the so-called “rationalized area”. A change in energy for the black hole is equivalent to a change in
mass M, so to see the effect of a small change JE on the black hole we can differentiate with respect to
M to obtain

dmip _ 1 1 (da
dM 47 Ja \dM )’

Then we have

da dr dM dQ

The term dM/dM = 1 trivially. The derivative of the outer horizon r; with respect to M is

dry — d 2 2 2\?
dM—dM<M+(M @ -a)

2M —2QY9 _2,. da

=1+ T
2(M2_Q2_a2)2

) (3.27)
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and the derivative of the angular momentum per unit mass a is

da d(g/M) d(1/M) 1d] J 1.4
aM = am VTam  MaMm - M2 T Mawm’ (328)

so the full derivative of the rationalized area is

M2 —2MQY9Q —2a. (A _ T
o — (TM h) ror, —2092
M (M2_ Qz_az)z M
2 2
— oMoy, 4 220 11—[ 29 a2
(MZ_QZ_QZ)Z (MZ_QZ_QZ)E
- 2 4 (3.29)
(MZ _ Qz _ a2)§ dM
Rewriting more neatly, we have
1
de | (M+ry) (M? — Q*—a?)? +2M? 4 247
dM (M2 — Q2 — a2)?
1
2MQ +2Q (M?* — Q> —a?)? | dQ
(M2 — Q2 — a2)? dM
w4
(M2 — Q2 — a2)? dM’
Finally we obtain
1
dmy | (M+7y) (M2 —Q*—a?)? +2M? + 242
dM 401/2 (M2 — Q2 — g2)?
1
2MQ+2Q (M2 - Q% —4?)? | dQ
40172 (M2 — Q2 — g2)? dM
. 22 a4
4172 (M2 — Q2 — g2)2 M’
(3.30)

For illustrative purposes we can assume that the black hole does not gain any charge during this pro-

cess, so dQ/dM = 0. Then multiplying through by dM we obtain

2 4 2
dmy, = 2a | STV (3.31)
40172 (M2 — Q2 — g2)!/2 a

Using the definition of () and eq. 3.22, we see that this implies dmj, > 0, which in turn implies dA > 0.

This defines the notion of irreversibility for a black hole.
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3.4 The Black Hole “Thermodynamic Equation’

The rule AA > 0 bears resemblance to the second law of thermodynamics, AS > 0, with S being

entropy. Bekenstein formalized this analogy [3] by providing the expression
dM = ©da + Q3 - dL + @dQ, (3.32)

which resembles the fundamental equation of thermodynamics, where

A
n= (3.33)
is again the rationalized area, and
1(re —r2)
S 34
=0 (3.34)
a
Q= = (3.35)
o= % (3.36)

In particular, ® and « take on the roles of temperature and entropy, respectively. This can be seen by

looking at (3.30), and multiplying through by dM, so that we have

o — (M+ry) (MZ—QZ—aZ)% +2M? + 242 aM
B (MZ_QZ_QZ)%

_|2MQ+2Q (MZ—Qzl—az)f 40
(Mz_ Qz_az)z
2a

- _dL.
(M2 _ QZ _ aZ)i
(3.37)
Then, noting that ry —r_ =2 (M? — Q* — a?) /2 we obtain
1 1
i(u—r,)da - (M (MZ—QZ—a2>2 +M(M2—Q2—a2)2
+ <M2 Q- az) + M2 +a2>dM

(3.38)

1
- (MQ+2Q (MZ—Q2—a2)2> dQ—a-dL
- (2Mr+ - Q2) dM — (Qr4)dQ —a-dL.
Identifying 2Mr; — Q? as a, we recover (3.32).
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3.5 The Four Laws

Bardeen, Carter, et. al., rederived (3.32), identifying the quantity ® = x /2, where « is the surface gravity
of the black hole [4].

To see how this is true for the Schwarzschild case (which we will be dealing with henceforth), take

1
a— 0and Q — 0, and note thatry —r_ =2 (M2 - Q? —az)f. Then

/ M?2
_lovM | Mr 1, (3.39)

©=34/@n) ~ an@eMP 2

Now we can absorb a factor of 7t in the TdS-like term in (3.32) so that it becomes

A x A

1
Oda = EKdE =597 (3.40)

thus recovering the form (1.1).

They [4] also derived a set of four laws for the mechanics of black holes, analogous to the laws of ther-
modynamics. The zeroth law holds that the surface gravity is constant across the event horizon. This

follows from the definition. The first law is just (3.32), and the second law is the area theorem.

All of these laws are either rigorously proven or true by definition, except the third law. It states that
there is no finite sequence of operations which can be used to reduce the surface gravity « to zero. This
is important to keep in mind when considering the extent to which a black hole is a thermodynamical

object.
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4 | Hawking Radiation

4.1 The “Temperature’ of a Black Hole?

The laws described above were originally considered as simply a neat analogy, and the authors of
[4] stressed that neither temperature nor entropy could actually be well-defined quantities for a black
hole, based on the argument that, in order for a black hole to come into thermal equilibrium with its
surroundings, it would need to be able to radiate. While it is mentioned above that an electromagnet-
ically perturbed rotating black hole will radiate out all of its rotational energy, this does not apply to

nonrotating classical black holes.

Bekenstein’s paper [3] makes an information-theoretic argument for why entropy for nonrotating black
holes might still be well-defined, however, suggesting that the surface area the black hole gains when
a particle is dropped past the event horizon corresponds to an increase in entropy that reflects the loss
of information outside observers have as to the state of the particle — namely whether it still exists, or

is destroyed.

Eventually, Hawking proved that black holes actually do radiate in an approximate quantum treatment

of black holes [5].

4.2 Quantum Field Theory in Curved Spacetime

Naive attempts to insert gravity into quantum field theory by simply treating the metric as an ordi-
nary tensor field and quantizing it fail, since gravitation is not renormalizable within QFT. But if we
take from general relativity only the conclusion that space may have a curvature, and disregard for a
moment the relationship of this curvature to the force of gravity, it is possible to formulate quantum
field theory with a curved spacetime background. This formalism is by no means a theory of quantum
gravity — it should break down at the scale where both highly quantum and highly general-relativistic
effects should be taken into account (the Planck scale) — but at the event horizon of a black hole it is a

good approximation.
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Recall that in flat spacetime the Lagrangian density for a free scalar field ¢ is given by the Klein-Gordon
action

1 1
L5 = 301" 3updup — Sm¢?, 1)

whose equations of motion are the Klein-Gordon equation

(a%ay T mz) ¢ = 0. 4.2)

Normally this is quantized by imposing the constraints
[#(z,x), ¢(¢, )] = [(w, %), (', )] = 0, [gp(, %), (7', 2)] = id(x - &), (4.3)

and expanding the field in terms of creation and annihilation operators, yielding

dip 1 : o
p (ap olpux! _|_a; e iPux! ) |P0:Ep’ (4.4)

(P(X,t) :/(27_[)[1@

where d is the number of spatial coordinates of the system.

We can similarly write down the Lagrangian density of a scalar field ¢ of mass m in curved space-
time of dimension n = d + 1 by factoring in the square root of the metric (to ensure that the volume
form is manifestly covariant) and replacing the partial derivative with the covariant derivative [29],
obtaining

£CST _ V=3 (_;guvqua Vg — %m2¢2 - CRtlJZ) , (4.5)

where ¢ = det g,y and where we have added ¢ as an extra coupling constant to the usual Ricci curvature

R.

In what follows, we need only look at massless particles like photons. In addition, we assume that we
are not going to be dealing with quantum corrections to gravity, so we would not expect to have to use
the coupling of the scalar field to the Ricci curvature. We can thus look at the simple case of a massless
(m = 0), minimally coupled (¢ = 0) scalar field in 1 4+ 1 dimensions, where the Schwarzschild metric

(2.4) reduces to
-1
ds? = (1 — 21”) dr? — (1 — 21:/1) dr?, (4.6)

i.e. the solid-angle terms disappear and our definitions (2.5) of Kruskal coordinates and (2.7) of the
‘tortoise’ coordinate remain unchanged. Since the Schwarzschild metric is spherically symmetric it is
easy to generalise to higher dimensions after the fact. The Lagrangian (4.5) reduces to the familiar

Klein-Gordon Lagrangian (multiplied by the volume element \/—g) whose equations of motion are
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simply a covariant version of the Klein-Gordon equation for a massless particle,

gV, Vg = 0. (4.7)

This is quantized in the usual way by introducing the conjugate momentum 7w = 9£/d¢ and asserting
the commutation relations (4.3) for timelike coordinate T and spacelike coordinate x. The Dirac delta
function is extended to be defined as

/(5(x —x"dz =1, (4.8)

where X is a spacelike hypersurface in the given coordinate system.

So far this is almost identical to the standard quantization of a scalar field in flat spacetime [30, 31]. Un-
like the flat case, however, the expansion of the scalar field ¢ in terms of creation/annihilation operators

ap, a;; for momentum p satisfying the relations

[y, ap) = 8(p—p') (4.9)

is non-unique. In particular, we can expand ¢ in the space-/time-like Kruskal coordinates T, X given

by (2.13) to obtain

+o00 . .
(P(T, X) _ / dp 1 (ap ez(EprpX) _HZ;; efl(EprpX)> , (4.10)

—w 27 \/2E,

and similarly in tortoise coordinates t,7* to obtain

+oo . * : *
gb(t, 1’*) _ / dP 1 (bp el(Ept—pr ) —f—b; e—l(Ept—pr )) , (411)

—w 27 /2E,

with E, = |p| for massless particles [31]. The expansion (4.10) can be seen to represent the mode
expansion for an infalling observer, while (4.11) can be considered the mode expansion for a static

observer away from the event horizon.

There is no a priori reason that a, would be equal to by, and indeed it will be shown that this is not the

case.
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4.3 The Bogoliubov Transformation

The general relation between operators a, and b, satisfying the relations (4.9) is given by a Bogoliubov

transformation [32],

by = /0 dp(apgap +,B,,qa;r,)

bt = /0 dp (et + Bhay), 4.12)

where ap,, rx;r,q and By, /B;q are the Bogoliubov coefficients, which satisfy the relations

| (s = ByBry) = 0a — 1),

| ap(apBpy — apubpr) = 0. 413)

The coefficients can be read off in integral form by examining equations (4.10) and (4.11) and inserting
the expressions (4.12). First we transform (4.10) into the light-cone Kruskal coordinates U, V given by
(2.5) and (4.11) into Eddington-Finkelstein coordinates u, v given by (2.7) and use the fact that E, = Ip|

so that we can use

|p|t + |p|r*x = Epvforp <0
Ept — pr* = : (4.14)

|plt — |p|r* = Epu for p >0,

and similarly

Ip|T + |p|X = E,V forp <0
E,T—pX = P proEP (4.15)

|pIT — |p|X = EpU for p > 0.

Then in lightcone coordinates, we have

© dE 1 « ‘ . .
u,v :/ —r elEpU + e iEpU gt iEpV 5 —iE,V , 116
i ) 0 V2m\/2E, ( ag, +¢€ ap,+e"r a_g, +e “—E,,) (4.16)

for the Kruskal-Szekeres observer, and

e dE; 1
‘P(“rv)—./o E 2E,

(eiEq” bE, + e iEqu qu + elEa? b_g, + e E0 bt[gq) p (4.17)
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for Eddington-Finkelstein coordinates. Equating the two expressions and using (4.12), we have

dE . . .
}7 zE u —iE,U t iE,V —iE,V _t
P + P + P + P
/ LIEP e LZEP e LZ,EP e a Ep

dE 00 .
/ —1 (/0 dEp DéEqulZEp + ﬁEqu E ) equu +
1Equ_'_

t iEgv
n_ eql Ep-f—ﬁ Ep— Eqapr)e 7Y 4

dE
J

(o)
—iEqv
/ dEp (@', pa'p, +Blp, g0 E,,) 1 )

(
/0oo dEp (DCEPEfIaEP +5EPE4aEP)
(v
[ 4By (

Then matching coefficients of ag, we have

dE dE,dE ) .
/ P 1Ep _/ / 01 P “Equ equu +‘B»équ eszqu)
(4.18)

zE u +ﬁ;§pgq eszqu) )

zEp
- / / D‘Ez?Eq

We can rewrite the coefficients as

“hif B, <0
(4.19)

VIEq|
iyt if E; >0,

VE

ﬁEPEVI =

so that (4.18) takes the form
(4.20)

1Ep
/ qu ,BEqu _lEq)

where we recognise the left-hand side as the Fourier transform F (u) of the function g g, (E;). Taking

the inverse Fourier transform, we obtain

5 1 oo eiEpU
BE,E, = 5= / du——
rEq T
27T J—oo Ep

= [ du e\/ﬁ e Ea" if E; <0

eiEqu

EpU
% = du% etEa if E, > 0,
p

that is,
1 JE; [~ . e
tEE, = 5 FZ /7 _du ol (EpU—Equ) (4.21)
1 JEg i(EpU+Equ)
PE,E, = 277\/57/,00‘1“‘3 pEa), (4.22)

To solve these integrals, note the definition of the Kruskal coordinates in terms of the Eddington-
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Finkelstein coordinates given by (2.5), so that

L JEg [® o i(~Eju—4MEyexp (— 4
= —,/— q pexp (~1ir))
“EvE1 T o \/ E, /70o due

Eq/ due Equf—exp( Ku))
EF’
ABEqu 27.[ l / due (Equ 4MEPexp( ))

Eq/ du Equ——exp( KM))
27\ Ey

Making the substitution v = exp(—xu), we have

and the integrals become

Eq Od'U iﬁ ,ZElv
ocEqu— Ep/ K
E En
q ——1 —z
2711(\/ Ep/ do o
Eq
L [arlR)
Ty
Eq OdU _iEl IEPU
PrE, = 27r Ep Jo
|E
q d 71—71 71
27r1< Ep/ oo
] iEq
_ qr( IK) _ 1 B (_.Ea\ (B =
2 Ep E 7,'7‘7 Y Ep K K
(%)
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where we have used the definition of the I' function. The norm-squared of the coefficients are

Gl
g, g, | = =L — 3
Pea 4722 E, iEi>i7'7 . (_i&)—i%
K K
Eq\ |2 Eo\ |2
_ 1 K F(Z% ‘ _ 1 E ‘F (Z%)‘ _ 1 E iEq zenEl
422 E, (71)1‘% ~ 4m%2 E, e’”% ~ 4m22E, K ’
E, E,
2 =1 -1
|5EE|2=L&F ifa i&lk —i&lx
P 422 E) K K K
1 Eq Eq 2 Eq 1 E E 2 _ -k
= =1 I(i— —1) Tir(i=4 =,
4722 Ep (Z K ) (=1) 422 Ep <l K > ¢

—27E,/x

and we thus have |ag 2 = e2Eq/x | BE,E, |. The ratio e is the Boltzmann factor, representing

the probability of a particle having energy E,.

Clearly the Bogoliubov coefficients are nonzero, and so the definition of ‘vacuum’ depends on one’s ref-
erence frame. Let |0,) denote the Kruskal-Szekeres vacuum and |0;) denote the Eddington-Finkelstein
vacuum. To see what |0,) looks like to an observer in the Eddington-Finkelstein system, we want to
know the expectation value of the number operator Ng, = bg qbzq, which can be expressed in terms of

the coefficient B g, using

(NE,) = (0t BE, [02)
Y + t
= <0ﬂ|/0 /0 dEp dE;(“EquaEp'i‘,BEquaEp) (aE;,Ean;,+BE;,Ean;7>‘O”>
e / * 1 *
= <0ﬂ| A A dEp dEp (DCEPEQ(XE;,EanPaE;, + aEquIBE;,EanPaE;;
t ot t
+ ﬁEquaE%EanpaE% + ﬁEquﬁE;EanpaE;) |04)
:/0 ./0 dEp dE; ("‘Equ‘"Z“;,Eq <0a|’1Ep’1J)E};|Oa> +,3Equﬁ75;,Eq <0a|’1Ep’1J)E;7|Ou>
+
+ B,k By, (Oallat, g, ]100) )

Now using (4.3), and the fact that the vacuum expectation value for a-particles in the ga-vacuum is by

definition zero,

(NE,) = /0 /0 dE, dE,, BeyE,PryE, 5P — r')

(e}
:/O dEy Br,r, B, i,
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Using the completeness relations (4.13), we have

/o dEy (apgttyy — BpaBry) = 0(a —14'),
— /0 dE, (e* Ea/x |,3Equ|2 - \ﬁEquF) =4(0),
27tEg o 2
. <e g _1) /0 dE|B, i, * = 5(0),
6(0)

s /O dEy|Be,E, 1> = (0albr, b [00) = —p—
e« —1

over all space. Then finally the mean density of particles in the Kruskal-Szekeres as measured by an

observer in the Eddington-Finkelstein vacuum is

_Ng) 1 @24)
q (5(0) e27:(Eq _1/ .

ng

which is just the blackbody distribution for photons of frequency w = E; and temperature

K
T=5— (4.25)

Somewhat miraculouslyl, then, to observers far from the black hole, it emits particles as a perfect black-

body with temperature identical to the one given in (3.32) when one considers entropy S = A/4.

4.4 Observing Hawking Radiation

In SI Units the surface gravity of a Schwarzschild black hole is given by

o
which combined with eq. (1.3) yields
hc3
"= srcMmiy *27

Let us look at a concrete example. The nearest known black hole, Gaia BH1 [33], is also one of the
smallest known, with a mass of Mpp; ~ 9.78 M. We would expect that, since T o 1/M, this system
has the best chance of radiating at a measurable temperature, but a simple computation only gives us
Ty =~ 7 x 1077 K. The cosmic microwave background, recall, has a temperature of Ty = 2.725 K,

so our signal-to-noise ratio is very poor.

1To see why this appears miraculous, consider classical gravitation in geometric units G = ¢ = kg = 1. Here temperature
T has dimension [mass] = [energy], while surface gravity x has units [mass™!]. In the semi-classical case, this is fine, as the
quantities can be related by 7. No such constant seems to be available in classical gravity, however, so the question appears to
be: how is (4.25), an apparently purely quantum formula, anticipated by (3.32), an apparently purely classical one? An in-depth
analysis is given by [14], in which it is suggested that the black hole thermodynamical equation is indeed ‘true’, independent of
quantum effects.
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Another test might be to wait till the estimated time that a black hole might evaporate and see whether
this indeed occurs. This would also give us some insight into whether effects due to quantum gravity
become relevant when the black hole has shrunk sufficiently. Let us estimate how long it would take
for Gaia BH1 to evaporate. The power radiated is given by the Stefan-Boltzmann law

:d7M022

p
dt

—47oR?T*, (4.28)

where ¢ ~ 5.67 x 1078 Wm =2 K~ is the Stefan-Boltzmann constant. The power emitted by Gaia BH1,

with Schwarzschild radius
2G x 9.78 Mg

> ~ 28889 m, (4.29)

Rpu1 =

is approximately P = 7 x 10~2> W. The rate at which the mass of the black hole is lost is then

p _ -
7 =78x10 WVkgst, (4.30)
which is small enough that we can consider it constant. The black hole would then not be expected to

evaporate for 2.5 x 107%s ~ 8 x 10°? years.

It seems in practice that Hawking radiation is not a measurable effect, which poses questions for the
testability of quantum field theory in curved spacetime. However, it is possible to construct so-called
‘analog systems’ to black holes — for instance, ‘dumb holes’ [34]. Consider a perfect fluid governed by

the equations

d
L9 (pv) =0, (4.31)
av _Vp

where, assuming the curl of the velocity vanishes, the velocity can be expressed as v = V1 for some

potential ¢. The pressure in the fluid p is dependent on the density p.

The equations (4.32) can be rewritten using the variables

h(p) = / ’ dpp(p), ¢(p) =logp, (4.33)
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to yield

pat+7V~(pv):0
ldp v _
- Z—g—FV-V@—l—VN:O
and
oVy

Vp _
7+(V~V)v+7—0

which we can then integrate to obtain

o 1,

(4.34)

(4.35)

(4.36)

To examine the behaviour of perturbations to the system, let us write the variables in terms of a zeroth

order term and a perturbation denoted by a prime, that is,

€:§0+€/f
v=1yo+7"

Then the linearised version of (4.32) for the perturbation &', we have

%—é: + Vipo - VT +V(Vy') =0
— 1 <ap0§' +V(pv~§’)> +V(pVy') =0.
po \ ot

For the perturbations ¢’, we have

W EY) L L (g0 + 290 - Ty + (B4) +H+ 1 =0

ot
alp/ / /! !
= S+ Vo VY + I (exp(0))’ =0
/
= aait+v1po-vw’+czg’ =0

where in the last term we have used the fact that ¢> = dp/dp and the definition of h.

Then we obtain an expression for ¢’ given by

1oy 1
T AL
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(4.38)

(4.39)

(4.40)



where we define vg = V.

Substituting this expression into (4.38), we obtain

L(2pay , 0povo oy POV YTy / Po MY =
F’()(alfCZE)t+aif c2 VYV c2 ot V-V +V (vcz(v VI’D)) =0 @4y

which can be rewritten as
1

V=8

where gV is equivalent to the metric described by

Iu(y/—g8"auy’) =0 (4.42)

ds? = £ (= o})ar + 2vodtdx — dx?), (4.43)

where vo = V. To recognise this, note that det g,, = p3.
Then (4.42) is just the Klein-Gordon equation for a massless scalar field ¢ in a curved metric.

In this way, one can create fluid systems which behave like black holes and should also radiate like them
[34]. This is claimed to have been done by e.g. [35], possibly strengthening the validity of Hawking’s
original calculation. The extent to which experimental data on analog systems can tell us anything

about real black holes is, however, debated [2].
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5 | The Information Loss Paradox

5.1 The Breakdown of Physics?

Bekenstein’s original paper made use of a formal similarity—between the expression for Shannon en-
tropy as a measure of information, and thermodynamic entropy—to postulate that an increase in the
area of a black hole, and thereby its entropy, correspond to an increase in “inaccessibility of information
about its internal configuration” [3]. Once Hawking showed that Bekenstein’s result, and the four laws
of black hole mechanics in general [4], were more than a formal analogy [15], it became immediately

apparent that information about projectiles sent into a black hole is lost in a very real sense.

Hawking showed shortly thereafter that the evolution of a system from a gravitationally collapsed
stellar object to an evaporated or evaporating black hole is non-unitary [15]. The paper was originally
titled The Breakdown of Physics in Gravitational Collapse [16]. It is worth looking at why Hawking felt his

result had such disastrous implications for physics as a study.

One way of interpreting the resulting thermal spectrum in eq. 4.24 is as a vacuum fluctuation resulting
in the production of entangled infalling and outfalling modes, with the negative-energy modes |bg_,)
falling into the black hole and the positive energy modes |bg,) emerging from it, in analogy with the

Penrose process.

To simplify the argument, we approximate the energy modes of the particles as discrete (we relabel
Eq — Ey and |bg,) — |nout) and [b_g,) — |1in)), and model the black hole as two quantum systems
I (internal information) whose basis is |ni,) and H (Hawking radiation) whose basis is |nout). Because
the ingoing and outgoing states are due to pair production, they begin maximally entangled — that is,
the state of the field near the event horizon as radiation begins is given by the (see Appendix B) bipartite
state
dim H

) = Z Pulnin) @ [Mout)- (5.1)

By definition (Appendix B), the purity of the initial state is P(pin) = 1. After some evaporation has

occurred, our description of the state of the system just outside the event horizon can only be given by
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the outgoing modes, since information about the ingoing ones is inaccessible. Then the density matrix

Pout after some evaporation has occurred is given by

Pout = Trin (Pin)

= Z Pnp*m <min‘nin> |nout> <7’lout|

n,m

= Z PrPmOnm|Mout) (Mout|

n,m

= Z |Pn|2|nout> (Mout!, (5.2)

where p, = e 27En/x

is the probability of the particle having discrete energy E,. Clearly P(pout) < 1
by completeness, since we do not sum over the entire basis of the original system. Since eventually
the black hole completely evaporates, we are left only with the mixed (impure) outside states, and
thus evaporation represents a non-unitary pure-to-mixed transformation. Hawking represented this
transformation by a superscattering operator 8, which, unlike the usual S-matrix, is non-invertible [15, 36],
meaning we cannot retrodict the initial state |¢) from the final density matrix pout. To Hawking, loss of
retrodictability, which is effectively predictability, meant a loss of the predictive power of physics itself —

but the paper was finally published under the more mundane Breakdown of Predictability in Gravitational

Collapse [2, 15].

One interpretation of this result aligns with Bekenstein’s original interpretation of black hole entropy:
it is equivalent to saying that we lose information about the system because of its exactly thermal
evaporation: by the no-hair conjecture, the thermal radiation only carries away radiation pertaining
to an equivalence class of black holes with three degrees of freedom whereas the initial stellar object
had many, many more than that [6, 37, 38, 39]. In particular, the von Neumann entropy of a quantum

system in a state |¢) is given by

S(p) = —Tr(plogp) = ) AilogA; (5.3)

where p = |¢) (| is the density operator with eigenvalues A;. For a pure state, p only has eigenvalues
1 and 0, so von Neumann entropy must be zero outside the black hole at the start of evaporation and

increase as the state becomes increasingly mixed and we begin to lose information.

5.2 Unitary or not?

That the unitarity violation constitutes a paradox is contingent on how important it is that unitarity be

conserved. At the very least, throwing out unitarity would mean a redefinition of quantum mechanics
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Pre-Collapse Evaporating Final State
P Black Hole

Figure 5.1: At the moment of collapse, the black hole begins to Hawking radiate. Immediately the
outgoing modes leave and the ingoing modes disappear beneath the event horizon. This is true right
up until the moment of evaporation. The state outside the black hole thus has to have ingoing modes
traced out — and once the black hole evaporates we are left only with this outgoing mixed state. This is
a nonunitary transformation.

Z,+ singularity Z,_I_ X=0

singularity

i° I

17 singularity 1

=

X j(:()i X

Figure 5.2: (a) Conformal diagram of an eternal (maximally-extended Kruskal-Szekeres) black hole.
The past singularity is a so-called ‘white hole’, the time-reversed counterpart to a black hole. Note
that (even if practically unreasonable) the white hole is a physically valid time-reversed solution to the
Einstein field equations, so black holes do not a priori break CPT invariance. (b) Conformal diagram of
an evaporating black hole (region II) formed from the collapse of a stellar object (region I). If the process
is unitary, the Hawking radiation just outside the event horizon (dashed line) carries out all information
about ingoing particles (dotted line) and thus there are spacelike hypersurfaces X where the same state
|'¥) exists at two points simultaneously as ingoing information (green) and outgoing information (red).
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[6, 40]. It seems obvious to many (apparently including Hawking) that unitarity is sacrosanct, and says
something fundamental about the extent to which physical laws should be able to specify the evolu-
tion of a system. Quantum mechanics, after all, deterministically specifies the evolution of states, and
admits deterministic interpretations in terms of trajectories [41, 42] — but the end state of an evaporated

black hole system does not deterministically retrodict anything.

If the thermal distribution derived above is exact, unitarity may only be preserved if, by the time the
black hole evaporates to Planck scale, quantum gravity effects prevent its further evaporation, and we
are left with some eternal black hole which has all of the initial object’s degrees of freedom inside it.
But this manifestly violates CPT invariance, since if we reverse the picture of gravitationally-collapsing
object we find that there is no black hole at the end of the process, which was apparently impossible in
the other direction [15]. We must correct at least one of: unitarity, CPT symmetry, or our expressions
for temperature and/or entropy. (Although the CPT theorem assumes unitarity and may be violated

by non-unitarity in any case [43].)

5.3 Unitarity vs Linearity

Arguments for and against black hole evaporation being a unitary process will be discussed in the next
section. A simple explication of the fate and accessibility of the quantum information in such a scenario

will first be discussed, partially following [19, 40].

It is illuminating to consider the example of a black hole which has been evaporating for some time.
As in the non-unitary case, we can model the internal information and Hawking radiation as systems [

and H which start out maximally entangled.

By assumption, the black hole should be represented by a (mixing) unitary operator U on the system
H ® I, and the outgoing radiation |noy) should after some time be described by a pure state. Then

after a short time T, the state |¢) at the event horizon should evolve into a tensor product of states
9(T)) = [1in) @ [our)-

But if this is true for two different states |ip1) and |¢), then it must also be true for their superposition

(since there is no special basis in which it couldn’t be true). In particular, the state

) = = (19 + [92)) 64

should after the time interval T evolve to

1

F(T) = —= (19 © 49 + 9l @ [98™)) = [¥) & [ 55)

S

2
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where the last equality makes sense if and only if [") = [¢i") = [¥'") on some spacelike hypersurface
T (see Fig. 5.2). That is, the operator U is unitary if and only if it clones the state [¢") onto the state
|in). But this violates the no-clone theorem, meaning in turn that it violates the linearity of quantum

mechanics [44].

5.4 Preserving Linearity

Several ideas have been proposed to deal with black hole information in a way which preserves uni-
tarity as well as linearity. One such idea is that of black hole complimentarity, which suggests that the
fate of a quantum state entering a black hole is observer-dependent. Under this assumption, infalling
observers will observe that the state will fall into the black hole uninterrupted; observers at infinity
will see the black hole as being a perfect mirror. In this way, the above inequalities can hold without

linearity being violated for any observer.

There are some issues with this resolution. The most obvious is that it still allows the existence of a
spacelike hypersurface (5.2) where a quantum state is cloned, and merely abolishes observation of this
fact. By treating black holes as a unitary scattering process, [19] observe that the complimentary hy-
pothesis is empirically compatible with a nonlinear black hole evolution, due to the thermalisation time
of the black hole being just above the upper bound necessary for two instances of cloned information

to reach one observer.

A related attempt is to prevent (5.5) by proposing that entanglement is broken at the event horizon. This
would involve releasing large amounts of radiation at the event horizon, creating a so-called ‘firewall’
[45]. While preserving unitarity and linearity, the equivalence principle is now broken, since it is now

always possible to distinguish when one is crossing the event horizon.

Much of the work done now deals with the statistical-mechanical origin of black hole entropy, and its

(in-)compatibility with semiclassical calculations.
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6 | Corrections to the Entropy

6.1 Very General Relativity

Let us turn then to the question of correcting Bekenstein’s thermodynamical description. While a fully
statistical-mechanical account of black holes is beyond the scope of this paper, results common to (for
example) the string-theoretic derivation of black hole entropy in terms of microstates may be repro-

duced by considering corrections to general relativity as an effective field theory.

In n dimensions, the vacuum Einstein field equations are the Euler-Langrange equations derived from

the Einstein-Hilbert action, given by
s= L /d”x /-8R (6.1)
167 ) ’

This is the simplest action integral that can be expressed only in terms of scalars which depend only
on the metric and (at most) its first-order derivatives. In general, however, a gravity theory need not
be so simple: it may involve a nonzero torsion, or relax metric compatibility constraints, or contain

higher-order derivatives of the metric tensor.

It should be of particular note that our derivation of Hawking radiation does not make any special use
of general relativity — the only relevant conditions are that spacetime be curved and that some set of
coordinates has no special importance. Therefore, as long as we look at a spacetime which retains the
concept of surface gravity x, we may keep (1.3) and look for a more general derivation of the entropy
S in gravity theories with some reasonable constraints. In the spirit of general relativity, we will keep
the theory generally covariant by imposing invariance of the Lagrangian under arbitrary diffeomor-

phism.

The language of differential forms (Appendix A) is useful to describe general theories. We start with a
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Lagrangian n-form L with components

Lalu.an = Lal...an [(Pr Va(f’]/ (6-2)

where ¢ are the fields including the metric tensor g,; and V, is a (not necessarily Levi-Civita) connec-

tion. The action is then given by

Sgrav — / L. 6.3)

Our aim is to derive a general version of (3.32) with (1.3) occupying the usual status of Hawking tem-

perature and to discuss corrections yielded in higher-derivative theories.

6.2 The Hamiltonian Formulation of General Relativity

General relativity (by design) treats time on the same footing as the other spatial coordinates. It is
(often) possible, however, to foliate spacetime into 1 time coordinate and n — 1 spacelike hypersurfaces

¥;, and decompose the metric into the form [46]
ds? = —N2d#* + hy;(dx’ + N'dt)(dx/ + N/dt), (6.4)

where hl-j is the induced spatial metric, N encodes time evolution, and N; encodes spatial evolution

(between hypersurfaces).

For a theory of gravity, the Hamiltonian n-form is then given by [46, 47]
H=e (N’H + Nl'H,») (6.5)

where H and H; are Lagrange multipliers for enforcing temporal and spatial constraints.

The Hamiltonian on a spacelike hypersurface X is

H= | HAdx'A...Adx" ! (6.6)
L

For asymptotially flat spacetimes, this has to be augmented [47] by a surface integral like
HAPS = H + . d"2x (all’lk] — akh1]> (6.7)
0%

in order to be compatible with the Einstein field equations.

The surface terms (i.e., the terms under the integral sign in (6.7)) are in fact readily associated [47] with

the conserved quantities given by the Killing vectors (3.3).
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6.3 Wald’s Formalism

Wald [7] showed that, for a general theory of gravity, it is possible to relate quantities conserved when
varying the action (3.4) to quantities conserved when varying (6.3). In particular, in a black hole space-
time with reasonable constraints, one can find a conserved charge Q and relate it to the conserved

quantities of a black hole horizon, rederiving (3.32) with Q taking on the role of entropy.

We consider a diffeomorphism generated by the flow of a vector field x* and the variation of the La-

grangian n-form L along it, given by

SL = E6g,, + EV¢ ;) + dO[g, 5¢)]
= L,L = {1, d}L

=dy L,

where on the last line we have used the fact that L is closed, since L « ¢, where ¢ is the Levi-Civita
tensor, because there is only one linearly independent n-form in an n-dimensional space. The terms
E(® and EM are the equations of motion for the fields ¢(;y and g,p (the metric) respectively. The term
containing the symplectic current ® is a total derivative, so the action only changes by a boundary term
when varied along x“. Thus the vector field generates a family of discrete symmetries to which we can
associate a Nother current

J=0—-L. (6.8)

The exterior derivative of the current is

dJ = doe — dy, L
= 8L — E"égy — EWép;y — SL
= —E5gq — EWdpy;)

=0 (on-shell)

where by on-shell we mean that the equations of motions are satisfied for this particular variation along
X“. ] is then closed, so we can use the general identity d?> = 0 to define the conserved Noether charge
Qby

dj =Q. (6.9)
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Varying the Nother current we have

5] = 5[®] — 1oL
= 5[0] — 1, [E“bégab +EDég ;) +dO

= 01[O] — 6,[0] —d;, O, (6.10)
where the final definition of the two variations 1 and 6, give rise to the symplectic form

Q[p, 61, 62¢] = 51[0(¢, V)] — 5[0(9, V)], (6.11)

which measures the phase-space area spanned by the two independent variations and is the density of

a variation of the Hamiltonian which generates the x“-evolution. We thus have

SH =6 /Z - /Z di,®, 6.12)

where X is a closed surface. Now recall from the previous section that the surface terms (6.7) are
associated with the quantities Q from the spacetime’s Killing vectors. Then equation (6.12) can be

rewritten as

460 = /Z 5dQ — /E di, @, (6.13)

which implies (using Stokes” theorem)

50 = /aZ 50 — /az e (6.14)

i.e. we have exactly related the charges of (3.4) to the charges of (6.1)!

In particular we may look at the case where the variation is along a linear combination of the timelike
Killing vector (d;)” or rotational Killing vector (d¢)”, in which case the equations of motion are satis-
fied. In particular, consider the case that the vector field x is the Killing horizon x* = (9;)" 4+ Q(9¢)"
of a black hole. Notice that at the horizon the vector field vanishes by definition and so the last term
containing the interior product can be disregarded. Then we easily recover a thermodynamical equa-
tion like (3.32) by varying the asymptotic energy M associated with (9;)? and the asymptotic angular

momenta L associated with (a family of) rotational Killing vector(s) (d¢)" as

SM+Q-6L = /az 5Q[x]. (6.15)

The interior product term 1,® is a numerical factor which is irrelevant to the physical interpretation of the quantities Q [7].
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To explicitly include the surface gravity in this equation, it is enough to re-express the Nother charge
in terms of x” and V;); and replace the first derivative with the binormal ¢, which is always true at
the event horizon. The resulting quantity Q is analogous to the quantity Q but for a Killing horizon ¥
defined by ¥ = xx. One can then construct a diffeomorphism from the hypersurface defined by ¥ to
the one defined by x. By identifying x as the Killing horizon for a black hole with surface gravity set to

unity, we recover the quantity

Q=xQ, (6.16)
and plugging into (6.15) we obtain
K
EJS[X] =M+ Q-IL. (6.17)
where
s=2r [ Qlxl. (6.18)
ox

The result is two-fold: firstly, it reveals that, for general relativity specifically, the Nother charge of the
Einstein-Hilbert action when varied along a black hole horizon is (up to an integral) the entropy of the
black hole. Secondly, it provides an algorithm to derive the entropy of a black hole in a more general

theory of gravity.

6.4 Bekenstein’s Formula Revisited

Let us now use the above prescription to re-derive the Bekenstein-Hawking entropy in n-dimensional

general relativity. The components of the Lagrangian n-form are (see Appendix A) given by

Re
GR _ aj...an
A1..05 1617'[ . (6.19)
The action is
SGR _ / LCR. (6.20)

We vary the Lagrangian in the usual way [9], with

€ay..a,

— Savay ab de  fh
= [Ga68™ +d (€dn,..a, 878" (V rogen — Vedggn) )| 621)

noting that the total derivative term, which we normally disregard, can be written as an exterior deriva-

tive when we use the Levi-Civita symbol. Normally we would disregard this total derivative, but here
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can extract from it the symplectic current and consider a variation along a vector field x using the Lie

derivative £, L to obtain

_ Cday..ay 1 ge

®‘11~~-an—1 - 1671 8

€day...a,_ e
= 8" (V pLxgen — VeLxgn)

€day...a,_
= 28" (Vi (Vexn + Vinxe) = Ve(V pxn + Vi)

€day...a,_
= %gdegfh(v[fvd)ch + ViVixe — nghxf)

o Gda ey d h g d h
B # (g ‘g’ (Rrep xg) +8 e/M(V Vixe — vng))

€day...a,_
= % (gdegfh(ngthg) +gd€gfh(vah7(6) - gdngh(vahXe)) (6.22)

§M(V §6gen — VO sn)

where in the sixth line we have used the compatibility of the metric with the connection Vjg;; = 0.

Since, by the reasoning above, we can neglect the interior derivative

1
(IXL)ul---anfl = ER(lXe')al-“un—l )

d
= RX edul...an,l .

Thus we can also drop the term containing the Riemann curvature by recognising

88/ R oS xg = 8¢/ Ryonig®'ggi!
= 8"¢ " Rpanidjx!
= gPRl A = ¢*R,ix'. (6.23)

Using the equations of motion, we have

1 .
gdegfh Rfehgx.g _ EgdeRgein

1 .

1

= ERXd. (6.24)
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When we multiply this by the Levi-Civita tensor, we get a scalar multiple of the interior product, which

we can ignore. Now

]ali..an,l = T

€4 n—
_ Sday..a, s ((vafxd) _gdfgeh(vhvf - [Vhlvf])?(c’)
_ €day...a,_ d d. h df oeh 8
= en (vafx — V, VX" — g gR, ng)
€
= St (9, v - Vi)
_ Sy !
= St o, (Viegd), (625

where we again can get rid of the curvature term as above. Then

€day..a,_
Jaya, s = %Vf(v[exd]) (6.26)

We can find Q by noting the definition J4,.4, , = (dQ)sy.a, ;, = V15, Qay..a, 4]+ Noticing that the

Levi-Civita tensor already antisymmetrises the expression, this is simply given by

€deay...a,_
Qayay » = —%dee. (6.27)

Finally, to find the Nother charge in this formalism, we define

~ Qay.ay €deay...a,_
Qal_“an72 = ap Kﬂ 2 — _ L;laéﬂl’;( Zvdxﬁ' (6.28)

To integrate this expression, we notice [10] that the Komar mass of a black hole in general relativity is
given by

1

M= 78771— /Gal.”a”vun—lxﬂn, (629)

and that the surface gravity x = (4M)~!. Then

lenM> A
=T

~ 1
S:ZN/Q:ZTEfo:4nM2:
2 K 4

(6.30)

6.5 Higher-Derivative Gravity

A natural generalisation of general relativity with higher-order curvature terms is Lovelock gravity

[18, 48], whose Lagrangian n-form can explicitly be written, to second order in curvature, as

LLL 16% (—2A+rx1R+a2(R2)>, (6.31)
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where R? is the Gauss-Bonnet term, which appears in effective action functionals of some string theo-

ries like heterotic string theory [49]. It is given by

R?2 = R2 + RabcdRabcd _ 4RabRab

= aR? + BR;uRY 4 R, (6.32)

Lovelock gravity can be considered as an effective action for heterotic string theory. It is straightforward
to show using Wald’s formalism that the Gauss-Bonnet term adds an extra scalar term to Bekenstein’s

entropy which is dependent on the dimensionality of the system and of order A~![50].

Indeed, for extremal black holes, [51] derives an order A~! correction, as well as a logarithmic one.
The logarithmic correction is matched by an effective-QFT derivation by [52], and appears to contra-
dict recent results by Page [17] which suggest that black hole entropy should first increase and then

decrease[6].
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7 | Conclusions and Further Work

Here we have examined the evolution of the development of black hole mechanics from their initial
study as time-asymmetric regions up until the foundations for today, where they are looked at in a

statistical mechanical light.

Charged, rotating classical black holes mirror many of the aspects of (semi-)quantum ones, including
the ability to radiate electromagnetically, delete information about the pre-collapsed system, and obey

a thermodynamical equation with a temperature proportional to their own surface gravity.

That many of these properties re-emerge when black holes are treated in conjunction with quantum
effects is not in itself surprising, but the culmination of all of these properties to produce a decidedly

un-quantum effect (unitarity violation) is a cause for concern and demands further attention.

We have looked at some corrections to the thermodynamical description of classical black holes by

using general relativity as an effective action and matched certain results from quantum gravity.

The method does not, however, reproduce results from a more standard, statistical-mechanical, string-
theoretic treatment [51] of black hole entropy as a sum of microstates of a collection of branes — in

particular, such a method should yield corrections of order O(log A).

It is possible, however, to use Wald’s formalism to compute quantum corrections to the black hole en-
tropy using the path integral formalism of quantum mechanics in combination with Wald’s method,
reproducing the O(log A) results [52]. In this case quantum field theory is used as an effective action,
instead of gravity. Examining this method and its relation to current statistical-mechanical approaches

to the information loss paradox will be discussed in a future work.
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Al | Some Quantum Information The-

ory Concepts

Throughout the text, a semiclassical black hole is modelled as a pair of maximally entangled systems I
representing internal information and H representing Hawking information. Here we will clarify some

of those terms [53, 54].

A quantum system H is a Hilbert space, i.e. an infinite dimensional vector space with elements
%) =} cilei),
1
where |¢;) are the basis vectors of the space, with an inner product defined by

Wil = [ 6 gix)dx, (lyy) > 0 (A1)

where (x) = (x|¢) is the wavefunction associated with the vector |i), that is, the coefficients of the

vector in position space, spanned by the vectors |x) which satisfy
Rlx) = x|x), (A1.2)

that is, they are eigenstates of the position operator *.

The dimension of ‘H is the span of the basis vectors of the system, denoted by

dimH = |H]|.

Two quantum systems H; with basis {|¢!)} and H, with basis {|¢?)} can be composed into a system
‘H denoted by
H=Hi @ Hy.
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where ® here denotes the tensor product of the spaces. The space H is then spanned by the basis
{l¢})} @ {I¢7)}, where [p}) @ |¢?) is a product state of [y]) and 7). A quantum system # composed

of two such subsystems is called bipartite, and a state in such a system is a bipartite state.

A superposition of vectors in ‘H describes the state of a quantum mechanical system. A state is pure if

it is described by a single state vector |¥). The density operator of a quantum state is given by
o= ;Pi|¢i><¢i|/
where p; is the probabilities that the state is described by |;). For a pure state |'¥),
p=[1)(Y],
and we describe a state as mixed otherwise. The purity operator
P(p) = Tr(p%) (A13)

measures the extent to which a state is pure, in which case P = 1, or mixed, in which case

1
P= dim A’

A state |¥) is entangled if it cannot be described by a single product

¥) # 19i) @ [¢7),

which means the systems are correlated in some way — the evolution of one depends nonlocally on the

evolution of another. A maximally entangled state is given by

1 M=

) = M g ) @ 1y7). (A14)

This is a state where the two systems are as strongly correlated as possible. We define the reduced density

matrix py,, of the subsystem #; by

o1, = Tra, (p) = Y (W7 lply?).

i

When we take the partial trace, we refer to it as tracing out the subsystem Hj. The state described by

the reduced density matrix is then necessarily mixed.
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A2 | Gravity in Terms of Differential

Forms

In order to discuss a more general theory of gravity it is useful to switch to a non-coordinate basis

(e™,...,e"™) and consider the Lagrangian n-form
L="Low,

where w is the volume form on the given manifold.

In general, the only linearly independent n-form in n-dimensional space is the Levi-Civita symbol €

with components €;,,..4,, so the Lagrangian n-form will always be given by

L = Le.

We will make some use of the exterior derivative, interior product, and Cartan’s formula which relates
the two for differential forms. The exterior derivative d maps a p-form w to a (p + 1)-form dw by
[55]

(dw)py.pyy = (P + 1)8[V1wl42"*}4p+1]'

The interior derivative can be written in terms of the Hodge dual

Likewise, the interior product maps p-forms to (p — 1)-forms, although they are defined with respect
to a specific vector field X. If w is a p-form which acts on the fields Y7, ..., Y, by w(Yy,..., Yp) then the

interior product ixw of w with respect to X acts on fields X, ... X, 1 by

wa(Xl,. . 'rprl) = (U(X,Xl,.. -/prl)'

Cartan’s formulates is an expression for the Lie derivative of a p-form w in terms of the exterior deriva-
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tive and interior product, given by [56]

Lxw={d,ix}w (A2.1)

where curly brackets denote the anticommutator.
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